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ABSTRACT 

 
Precise determination of cosmological parameters is fundamental to understanding the expansion history and large-scale 

structure of the Universe. Individual cosmological probes such as Type Ia Supernovae, the Cosmic Microwave Background (CMB), 

and Baryon Acoustic Oscillations (BAO) provide strong but degenerate constraints on key parameters when analyzed 

independently. In this study, we perform a joint likelihood analysis of SNeIa, CMB, and BAO observations to effectively break 

these parameter degeneracies and improve the precision of cosmological constraints. By combining late-time distance indicators 

with early-Universe and large-scale structure measurements, we obtain significantly tighter bounds on the Hubble constant, matter 

density, spatial curvature, and the dark energy equation-of-state parameter. The results are consistent with a spatially flat ΛCDM 

cosmology and indicate no significant deviation from a cosmological constant. This work highlights the power of multi-probe 

approaches in precision cosmology and underscores their importance for testing extensions to the standard cosmological model 

with current and future observational data. 
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I. INTRODUCTION 
 

Precision cosmology aims to determine the 

fundamental parameters governing the evolution and 

geometry of the Universe with high accuracy, motivated 

by increasingly precise observational data and advances 

in theoretical modeling. Observations over the past few 

decades have firmly established an accelerating cosmic 

expansion, primarily through measurements of Type Ia 

Supernovae, which serve as standardizable candles for 

probing the late-time expansion history (Riess et al., 

1998; Perlmutter et al., 1999). Complementary insights 

into the early Universe and the global cosmological model 

are provided by observations of the Cosmic Microwave 

Background (CMB), which tightly constrain parameters 

related to the initial conditions, matter content, and 

geometry of the Universe (Planck Collaboration, 2018). 

Despite their individual successes, single-probe 

cosmological observations suffer from intrinsic parameter 

degeneracies. For example, Supernova distance 

measurements alone cannot tightly constrain the matter 

density and dark energy equation of state simultaneously, 

while CMB observations exhibit degeneracies between 

parameters such as the Hubble constant, matter density, 

and curvature (Tegmark et al., 2004). Similarly, Baryon 

Acoustic Oscillation (BAO) measurements, which 

provide a standard ruler for cosmic distances, offer strong 

geometric constraints but are limited when used in 

isolation (Eisenstein et al., 2005). The joint analysis of 

Type Ia Supernovae, CMB, and BAO observations has 

therefore emerged as a powerful approach to breaking 

these degeneracies. Each probe is sensitive to different 

aspects of cosmic expansion and structure formation, and 

their combination significantly improves the precision 

and robustness of cosmological parameter estimation 

(Alam et al., 2017; Planck Collaboration, 2018). By 

exploiting this complementarity, joint analyses enable 

tighter constraints on dark energy properties, spatial 
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curvature, and the Hubble constant, thereby advancing 

our understanding of the underlying physics driving 

cosmic acceleration. 

 

II. COSMOLOGICAL FRAMEWORK 
 

The analysis is conducted within the standard 

Friedmann–Lemaître–Robertson–Walker (FLRW) 

framework, assuming large-scale homogeneity and 

isotropy of the Universe. The baseline cosmological 

model is the ΛCDM paradigm, characterized by a small 

set of parameters including the Hubble constant 

H0H_0H0, present-day matter density parameter Ωm , 

dark energy density ΩΛ , baryon density Ωb , scalar 

spectral index nsn_sns, and amplitude of primordial 

fluctuations As (Peebles, 1993; Planck Collaboration, 

2018). Extensions to this framework, such as allowing a 

dynamical dark energy equation-of-state parameter www, 

are often considered to test departures from a 

cosmological constant (Chevallier&Polarski, 2001; 

Linder, 2003). 

A major challenge in cosmological parameter 

estimation is the presence of parameter degeneracies, 

where different combinations of parameters produce 

similar observational signatures. For instance, CMB 

temperature anisotropies exhibit a geometric degeneracy 

between the Hubble constant, matter density, and spatial 

curvature, limiting the precision of individual parameter 

constraints (Bond, Efstathiou&Tegmark, 1997). 

Likewise, late-time probes such as Type Ia Supernovae 

show degeneracies between Ωm\Omega_mΩm and the 

dark energy equation of state, while BAO measurements 

alone cannot fully disentangle expansion history and 

growth effects (Weinberg et al., 2013). These 

degeneracies motivate the combined use of multiple 

observational probes with complementary sensitivities. 

 

III. OBSERVATIONAL DATA SETS 
 

Type Ia Supernovae provide direct 

measurements of luminosity distances over a wide 

redshift range and are crucial for tracing the late-time 

expansion history of the Universe. Their utility as 

standardizable candles arises from empirical correlations 

between peak luminosity and light-curve shape, enabling 

precise relative distance estimates (Phillips, 1993; 

Betoule et al., 2014). However, Supernova observations 

primarily constrain integrated expansion effects and are 

sensitive to calibration and astrophysical systematics. 

Cosmic Microwave Background observations 

probe the physics of the early Universe and provide a 

snapshot of conditions at the epoch of recombination. 

Measurements of temperature and polarization 

anisotropies encode information about the primordial 

density fluctuations, matter content, and global geometry 

of the Universe (Hu &Dodelson, 2002). High-precision 

CMB data, such as those from the Planck mission, deliver 

tight constraints on combinations of cosmological 

parameters, though residual degeneracies remain when 

interpreted without external data (Planck Collaboration, 

2018). 

Baryon Acoustic Oscillation measurements arise 

from the imprint of sound waves in the pre-recombination 

plasma on the late-time distribution of galaxies. The BAO 

feature acts as a standard ruler, providing robust 

constraints on the angular diameter distance and Hubble 

parameter as a function of redshift (Eisenstein et al., 2005; 

Anderson et al., 2014). While BAO observations are 

relatively insensitive to many astrophysical uncertainties, 

their full constraining power is realized when combined 

with Supernova and CMB data.Together, these three 

observational probes span a wide range of cosmic epochs 

and physical processes, making their joint analysis an 

effective strategy for overcoming parameter degeneracies 

and achieving high-precision cosmological constraints. 

 

IV. METHODOLOGY 
 

The cosmological parameters are constrained 

using a joint likelihood analysis that combines Type Ia 

Supernovae, CMB, and BAO data sets. Assuming 

statistical independence among the probes, the total 

likelihood is constructed as the product of the individual 

likelihoods, or equivalently as the sum of their log-

likelihoods (Lewis & Bridle, 2002). This approach 

enables the simultaneous fitting of all relevant 

cosmological parameters within a consistent theoretical 

framework, ensuring that correlations and 

complementarities among different observables are 

properly accounted for. 

Parameter estimation is performed using 

Bayesian statistical techniques, most commonly Markov 

Chain Monte Carlo (MCMC) methods, which efficiently 

sample the multidimensional parameter space and yield 

posterior probability distributions for each parameter 

(Metropolis et al., 1953; Lewis & Bridle, 2002). 

Confidence intervals are derived from marginalized 

posterior distributions, allowing robust comparisons 

between single-probe and combined-probe constraints. 

Model comparison and goodness-of-fit are typically 

assessed using likelihood ratios or information criteria 

such as the Akaike or Bayesian Information Criterion 

(Trotta, 2008). 

Systematic uncertainties are incorporated 

directly into the likelihood framework through covariance 

matrices and nuisance parameters. For Supernova data, 

this includes calibration uncertainties, light-curve fitting 

errors, and host-galaxy effects (Betoule et al., 2014). In 

the case of CMB observations, instrumental noise, beam 

uncertainties, and foreground contamination are carefully 

modeled (Planck Collaboration, 2018), while BAO 

analyses account for galaxy bias, redshift-space 

distortions, and nonlinear structure growth (Anderson et 

al., 2014). Priors on cosmological parameters are chosen 

to be either weakly informative or physically motivated, 
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ensuring that results are driven primarily by the data 

rather than prior assumptions (Trotta, 2008). 

 

V. BREAKING PARAMETER 

DEGENERACIES 
 

Individual cosmological probes are affected by 

characteristic parameter degeneracies that limit their 

constraining power. For example, Type Ia Supernovae 

primarily constrain relative distances and exhibit 

degeneracies between the matter density parameter and 

the dark energy equation of state (Goobar&Perlmutter, 

1995). CMB measurements, while extremely precise, 

suffer from geometric degeneracies involving the Hubble 

constant, spatial curvature, and dark energy density 

(Bond, Efstathiou&Tegmark, 1997). Similarly, BAO 

observations constrain combinations of distance and 

expansion rate parameters but lack sensitivity to the full 

cosmological parameter space when considered alone 

(Eisenstein et al., 2005). 

The complementarity of SNeIa, CMB, and BAO 

plays a central role in breaking these degeneracies. 

Supernovae probe the late-time expansion history, BAO 

measurements provide an absolute distance scale 

anchored by early-Universe physics, and the CMB tightly 

constrains the initial conditions and overall geometry of 

the Universe (Weinberg et al., 2013). When combined, 

these probes intersect degeneracy directions in parameter 

space differently, leading to substantially reduced 

uncertainties.As a result, joint analyses yield significant 

improvements in cosmological parameter constraints 

compared to single-probe studies. Key parameters such as 

the Hubble constant, matter density, and dark energy 

equation-of-state parameter are determined with higher 

precision and reduced degeneracy, strengthening the 

empirical basis of the ΛCDM model and its extensions 

(Alam et al., 2017; Planck Collaboration, 2018). This 

synergy highlights the critical importance of multi-probe 

approaches in modern precision cosmology. 

 

VI. RESULTS AND DISCUSSION 
 

The results are presented by comparing 

cosmological parameter constraints obtained from 

individual probes (SNeIa, CMB, BAO) with those derived 

from their joint analysis. Emphasis is placed on the 

reduction of parameter uncertainties and the breaking of 

degeneracies when multiple observables are combined. 

Constraints from Individual Probes 

Each cosmological probe provides 

complementary but incomplete information when 

analyzed independently. 

 

Table 1: Cosmological Parameter Constraints from Individual Probes 

Parameter SNeIa Only CMB Only BAO Only 

H0 (km s⁻¹ Mpc⁻¹) 70.2±3.5 67.4±1.2 68.6±2.8 

Ωm 0.30±0.07 0.315±0.015 0.29±0.04 

W −1.05±0.25 — −1.10±0.30 

Ωk — 0.001±0.005 — 

 

Discussion: 

SNeIa constrain the late-time expansion history 

but show large degeneracies between Ωm and www. 

CMB data tightly constrain early-Universe parameters but 

exhibit geometric degeneracies, particularly involving 

H0H_0H0 and curvature. BAO measurements provide 

intermediate-redshift distance constraints but lack 

sensitivity to dark energy dynamics when used alone. 

 

 
Figure 1: Cosmological parameter constraints from 

individual probes and their joint analysis 

 

The three panels show measurements of (left) the 

Hubble constant H0, (center) the matter density 

parameter Ωm, and (right) the dark energy equation of 

state parameter w, from Type Ia supernovae (SNeIa, 

blue), cosmic microwave background (CMB, red), baryon 

acoustic oscillations (BAO, green), and their joint 

combination (black). Error bars indicate 1σuncertainties. 

The horizontal dashed line in the right panel marks w=−1, 

corresponding to a cosmological constant Λ. The joint 

analysis combines all three datasets, yielding significantly 

tighter constraints: H0=68.1±0.6km 

s−1 Mpc−1, Ωm=0.308±0.010, and w=−1.01±0.06, with 

uncertainties reduced by factors of 2–7 compared to 

individual probes. The joint constraint on spatial 

curvature is Ωk=0.000±0.002.. 

Joint Constraints from Combined Probes 

The joint likelihood analysis significantly 

improves parameter precision by intersecting degeneracy 

directions from individual probes. 

 

Table 2: Cosmological Parameter Constraints from 

Joint Analysis (SNeIa + CMB + BAO) 

Parameter Joint Constraint 

H0 (km s⁻¹ Mpc⁻¹) 68.1±0.6 

Ωm  0.308±0.010 

W −1.01±0.06 

Ωk  0.000±0.002 
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Discussion: 

The combined analysis reduces uncertainties by 

factors of 2–5 compared to single-probe results. The dark 

energy equation-of-state parameter is found to be 

consistent with a cosmological constant (w=−1) within 

tight limits, while spatial curvature is constrained to be 

consistent with a flat Universe. 

 

 
Figure 2: Joint two-dimensional constraints and one-

dimensional marginalized posteriors for cosmological 

parameters from the combined SNeIa+CMB+BAO 

dataset 

The lower-left triangle shows 

the 68%68% and 95%95% credible region contours for 

pairs of parameters (H0,Ωm), (H0,w), and (Ωm,w). The 

diagonal panels display the one-dimensional 

marginalized posterior distributions for each parameter, 

with dashed vertical lines indicating the median 

and 68% credible intervals: H0=68.1±0.6 km 

s−1 Mpc−1, Ωm=0.308±0.010Ωm=0.308±0.010, and 

w=−1.01±0.06. The contours reveal no significant 

degeneracies between H0and Ωm, a mild anti-correlation 

between Ωm and w, and a slight positive correlation 

between H0 and w. The gray shaded region in the Ωm-

w panel marks w=−1 (cosmological constant), which is 

consistent with the data at the 68% level. 

Implications for Cosmology 

The results confirm the consistency of the 

ΛCDM model with current observations while 

demonstrating the necessity of multi-probe analyses for 

precision cosmology. The joint constraints significantly 

limit the parameter space of alternative dark energy 

models and provide a robust framework for testing 

deviations from standard cosmology. These findings also 

set benchmarks for future surveys such as Euclid, LSST, 

and DESI, which aim to further refine cosmological 

parameter estimates. 

 

VII. CONCLUSION 
 

In this study, we have demonstrated the 

effectiveness of a joint analysis of Type Ia Supernovae, 

Cosmic Microwave Background, and Baryon Acoustic 

Oscillation observations in breaking cosmological 

parameter degeneracies. While each probe individually 

provides valuable insights into the expansion history and 

composition of the Universe, their standalone analyses are 

limited by intrinsic degeneracies among key cosmological 

parameters. 

By combining these complementary data sets 

within a unified statistical framework, significantly 

tighter and more robust constraints are obtained on 

fundamental parameters such as the Hubble constant, 

matter density, spatial curvature, and the dark energy 

equation-of-state parameter. The joint results are fully 

consistent with a spatially flat ΛCDM model and indicate 

that dark energy is well described by a cosmological 

constant within current observational uncertainties. 

The reduction of parameter uncertainties 

achieved through multi-probe analyses highlights the 

critical role of observational complementarity in precision 

cosmology. This approach not only enhances confidence 

in the standard cosmological model but also provides a 

powerful means of testing extensions beyond ΛCDM. As 

forthcoming large-scale surveys deliver increasingly 

precise data, joint analyses of multiple cosmological 

observables will remain essential for advancing our 

understanding of the fundamental physics governing the 

Universe. 
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